Understanding the maximal enhancement of solar absorption in semiconductor materials by light trapping promises the development of affordable solar cells. However, the conventional Lambertian limit is only valid for idealized material systems with weak absorption, and cannot hold for the typical semiconductor materials used in solar cells due to the substantial absorption of these materials. Herein we theoretically demonstrate the maximal solar absorption enhancement for semiconductor materials and elucidate the general design principle for light trapping structures to approach the theoretical maximum. By following the principles, we design a practical light trapping structure that can enable an ultrathin layer of semiconductor materials, for instance, 10 nm thick a-Si, absorb . 90% sunlight above the bandgap. The design has active materials with one order of magnitude less volume than any of the existing solar light trapping designs in literature. This work points towards the development of ultimate solar light trapping techniques.
M aximizing the enhancement of solar absorption in semiconductor materials by light trapping promises the development of extremely cost-effective solar cells [1] [2] [3] [4] [5] [6] [7] . A maximized enhancement can enable the full absorption of incident solar radiation with a minimal volume of semiconductor materials. This may lead to a dramatic reduction in the cost of materials and material processing for the manufacturing of solar cells, which is widely considered as a key step towards substantially lowering the overall cost of solar cells. However, what is the maximal enhancement theoretically attainable by light trapping for semiconductor materials and how to design light trapping structures to realize the maximal enhancement in practical devices have essentially remained unanswered yet. Previous studies on the upper limit of solar absorption enhancement are usually limited to idealized materials that are assumed to have very weak absorption 1, [7] [8] [9] [10] . The assumption of weak absorption is necessary for exploring the statistic approaches of these studies to find out the limit. In contrast, the semiconductor materials used in practical solar cells, such as amorphous silicon (a-Si), CdTe, and CIGS all have substantial absorption, far beyond the weak absorption assumed for the idealized materials. As a result, the rational of the previous studies and the upper limit derived thereby, for instance, the Lambertian limit, cannot hold for the typical semiconductor materials in solar cells.
It is very challenging to find out the maximal solar absorption enhancement and associated design principles for semiconductor materials. The absorption of semiconductor materials strongly depends on the physical features, including shape, surface texture, and dimensionality, of the materials [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . To find out the maximal solar absorption enhancement would request evaluation and comparison of the solar absorption as a function of all the possible physical features. For instance, to find out the maximal solar absorption in a semiconductor material with a given volume, we would have to examine the solar absorption of the material in forms of all kinds of shapes, sizes, and structures, which would amount to an infinite number of varieties. None of the current methods is able to perform such a thorough analysis. Typical numerical or analytical methods, such as Mie theory, transfer matrix method (TMM), finite difference time domain (FDTD), can precisely evaluate the solar absorption of semiconductor materials 25, 26 . But these methods rely on rigorously matching boundary conditions at the surface of the materials and involve intensive computation efforts. Every change in the physical features would request a new calculation in order to find out the solar absorption. The infinite variety of physical features simply makes it impossible to search for the maximal solar absorption enhancement using these methods.
Here we demonstrate the maximal solar absorption enhancement theoretically attainable by light trapping for semiconductor materials and elucidate the principles for the rational design of light trapping structures to approach the maximum. By following the principles, we present a general design of light trapping structures that can enable an ultra-thin semiconductor materials to absorb .90% incident solar light above the bandgap. These include 10 nm thick a-Si or 50 nm thick CdTe or 30 nm thick CIGS. This design has active materials with one order of magnitude less volume than any of the sophisticated solar light trapping designs in literature. It is close to the theoretically predicted maximal solar absorption enhancement (solar superabsorption) and indeed shows enhancement beyond the conventional Lambertian limit.
This study leverages on an intuitive model, coupled leaky mode theory (CLMT), that we have recently developed for the analysis of light absorption in semiconductor structures 23, 27, 28 . The CLMT model considers a semiconductor structure as a leaky resonator and analyzes the light absorption of the structure as a result of the coupling between incident light and the structure's leaky modes (Figure 1a inset). The key advantage of the CLMT model is transforming the variables for the analysis of solar absorption. In contrast with most of the existing approaches, which use physical feature as variables (shape, surface texture, dimensionality, etc.) in the analysis of solar absorption, the CLMT model can evaluate solar absorption with only two leaky mode variables, radiative loss and resonant wavelength, regardless the physical features of the materials. This variable transformation provides a unique capability to find out the maximal solar absorption enhancement of a material by surveying over the two leaky mode variables, instead of searching among the physic features with infinite number of varities. The survey can also specify the requirements for the two variables, for instance, the optimal value of the variables, in order to achieve the maximal solar absorption enhancement. This knowledge can serve as a very useful guide for the rational design of light trapping structures. Essentially, in order to achieve the maximal solar absorption enhancement, what we need do is to design light trapping structures whose leaky modes can satisfy the requirements on radiative loss and resonant wavelength.
Note that similar mode coupling approaches have been used for the analysis of light absorption previously 1, [29] [30] [31] . However, unlike all the previous mode-coupling works that focus on materials with weak intrinsic absorption and confined optical modes, our studies extend the mode coupling to strong absorbing materials and to leaky optical modes with small quality factors, which are of particular importance for applications in solar cells. Another novel discovery of our studies is the transformation of the variables, i.e. correlating solar absorption to two leaky mode variables instead of physical feature variables that may amount to an infinite number. These two breakthroughs lay down the groundwork for us to search the maximal solar absorption enhancement in semiconductor materials, which has been long believed very difficult.
The coupled leaky mode theory (CLMT) model considers the light absorption of a semiconductor structure as result of the coupling between incident light and the structure's leaky modes ( Fig. 1a ). Leaky modes are defined as natural optical modes with propagating waves outside the structure. Each of the leaky modes is featured with a complex eigenvalue (N real -N imag .i), which can be analytically or numerically solved out 22, 27, 28 . For materials with a refractive index of n (n 5 n real 1 n imag .i), the absorption cross-section C abs contributed by one leaky mode can be derived from 27, 28 
where a indicates the offset between the incident wavelength l and the resonant wavelength of the leaky mode l 0 as a 5 n l l 0 /n 0 l, n l and n 0 are the real part of the refractive index of the materials at l and l 0 , respectively. The resonant wavelength l 0 is related with the real part of the eigenvalue as l 0 5 2pn 0 r/N real , where r is the characteristic size of the structure, for example, the radius of nanoparticles (NPs). F is a factor mainly associated with the dimensionality of the materials. It can be found as l/p and l 2 /4p for 1D circular nanowires (NWs) and 0D spherical NPs, respectively 27, 28 . These values can also be reasonably applied to structures with other shapes, such as rectangle and triangle 23, 27 . Corr is a correction term that limits the leaky mode to only couple incident wavelengths at the proximity of its resonant wavelength. It does not have a rigorous expression, but can be found using numerical fitting. We find that 1/[114(a-1) 2 ] for a . 1 or 1/[114(1/a-1) 2 ] for a , 1 is a reasonable approximation 23, 27 . The solar absorption cross-section P solar of the leaky mode can be calculated by integrating C abs over the spectral flux of solar radiation I l as
For structures with multiple leaky modes, the total absorption is just a simple sum of the absorption contributed by each of the modes. For the convenience of discussion, we assume that every single solar photon absorbed can be converted into one electron. Therefore, the calculated solar absorption in this work has a unit similar to that of short-circuit currents. We can confirm the validity of eqs. (1)-(2) by comparing the results with those obtained with well-established models. We use 0D a-Si nanoparticles (NPs) as an example. Fig. 1b -c shows the spectral absorption cross-section C abs and solar absorption P solar of single a-Si NPs calculated using eqs. (1)-(2) and the well-established Mie theory 25 . The eigenvalues of leaky modes in the a-Si NP can be analytically solved as we demonstrated previously 27, 28 . The refractive index of a-Si is obtained from references 32 . The calculation results of eqs. (1)-(2) show reasonable agreement with those of the Mie theory. Eqs. (1)-(2) can be confirmed generally valid for semiconductor structures with other materials, shapes, and dimensionalities ( Figure S1 ). It is worthwhile to note that the CLMT is in essence an approximate model. However, the compromise in accuracy is well compensated by its intuitiveness and simplicity that cannot be obtained from other methods.
Eqs. (1)-(2) provides a variable transformation that is useful for the search of the maximal solar absorption. It demonstrates that the solar absorption can be equivalently evaluated using leaky mode variables rather than physical feature variables, such as shape, size, surface texture, and dimensionality, as done by most of the existing methods. The equations indicate that the solar absorption of a material with known refractive index n is dictated by only two leaky mode variables, the radiative loss q 0 rad q 0 rad~N imag N real À Á and the resonant wavelength l 0 , regardless the physical features of the material. Assuming only one leaky mode exists in the material, the maximal solar absorption of the material can be found out by evaluating eq.(2) as a function of the two leaky mode variables. This calculation is also expected to elucidate the value of the two variables associated with the maximal solar absorption. Fig. 2a shows the solar absorption of single-mode 0D a-Si structures calculated using eq. (2) as functions of the radiative loss q 0 rad and resonant wavelength l 0 . We can immediately find that the leaky mode with resonant wavelength in the range of 600 -650 nm and radiative loss in the range of 0.12 -0.22 may have the maximal solar absorption of 1.88 3 10 29 mA. This suggests that to maximize the solar absorption in a single-mode a-Si structure requests the structure to be designed such to have the leaky mode's radiative loss and resonant wavelength lying in these optimal ranges, respectively. Similar optimal ranges of the two variables can also be found with other semiconductor materials ( Fig. S2-S3 ). Generally, the optimal range of the resonant wavelength is to match the photon flux of the solar spectrum, while the optimal range of the radiative loss is to reasonably match the intrinsic absorption loss (n imag /n real ) of the materials, which can create a desired ''critical coupling'' between incident light and the leaky mode 27, 29, 33 .
The result for single leaky modes provides the capability to find out the maximal solar absorption of multi-mode structures that are typically used in solar cells. The multiple leaky modes would have different resonant wavelengths. To maximize the solar absorption in a multi-mode structure requests the absorption of each mode to be optimized. We can identify the optimal solar absorption of a leaky mode with an arbitrary resonant wavelength, as illustrated by the white line in Fig. 2a , and replot the optimal solar absorption and the associated radiative loss as a function of the resonant wavelength l 0 in Fig. 2b . The maxima solar absorption of the multiple-mode structure can be derived from
P opt (l 0 ) and r(l 0 ) are the optimal solar absorption of one leaky mode and the density of leaky modes at an arbitrary resonant wavelength l 0 . We find that the density of leaky modes follows the wellestablished formalism of mode density in optical resonators (see S3
of the Supplementary Information) 34 . r(l 0 ) 5 8pn 0 3 V/l 0 4 for 0D structures with arbitrary shapes, where V is the volume of the structure (see Figure S4 -S5). This expression can also be reasonably applied to heterostructures that consist of both absorbing and nonabsorbing materials, for instance, core-shell structures, in which V is the volume of the absorbing materials (see Figure S6 -S7). Fig. 3a plots the maximal solar absorption of a multi-mode 0D structure obtained from the evaluation of eq. (3) on the basis of the result given in Fig. 2b . Again, a-Si is used as the absorbing materials in the structure. The absorption maximum shows a linear dependence on the volume V of a-Si materials in the structure. This is due to the linear dependence of the mode density on the volume, which indicates that the number of leaky modes fundamentally limits the amplitude of the maximal solar absorption. It is worthwhile to note that 0D structures are typically more favorable for applications in solar absorption than 1D structures due to a higher density of leaky modes. The result in Fig. 3a involves an estimated error of 20%, as indicated by the shaded area. The error mainly results from the approximate nature of the CMLT model and a finite spectral integration in the evaluation of eq. (3). Eq.(3) would be ideally integrated over the entire spectrum of resonant wavelengths from 0 to infinity, but in reality we can only perform the integration in a finite range The inset is a schematic illustration for the nanostructure, whose irregular shape is intentionally chosen to illustrate that the structure may have any arbitrary shapes. (b) Solar superabsorption limit of an array of 0D nanostructures. The minimum volume of a-Si materials necessary to absorb .90% of the solar radiation above the band gap is plotted as a function of the period of the array. The inset is a schematic illustration for the nanostructure array. (300-1700 nm used for Fig. 3a ), which is limited by the refractive index of the absorbing materials available in references 32 . From the perspective of practical application, of the most interest is to find out the minimal volume of absorbing materials in a largescale structure, for instance, an array of nanostructures, to absorb most (. 90%) of the incident solar light above the band gap. This is now possible with the knowledge of the maximal solar absorption in single structures (Fig. 3a) . Without losing generality, we use a square periodic array of 0D nanostructures as an example (Fig. 3b inset) . We assume that the light absorption in each individual structure of the array is similar to that of one single structure. Our previous studies have already demonstrated that this is a reasonable assumption 17, 24 . Therefore, what we need is to find out the minimum volume of a-Si materials in each individual structure necessary to absorb 90% of the incident solar radiation inside one unit space as 90% 3 22.7 3 L 2 (22.7 mA/cm 2 is all the solar energy above the bandgap of a-Si). We can readily find out the minimum volume in Fig. 3a and plot it as a function of L in Fig. 3b . This result involves an estimated error of 40%, in which 20% is inherited from the calculation for single structures and another 20% from the possible difference in the solar absorption of one individual nanostructure in the array from that of one single nanostructure. Similar analysis for the maximal solar absorption in single nanostructures and nanostructure arrays of other semiconductor materials, such as CdTe, can be seen in Fig.  S8 in the Supporting Information.
The CLMT analysis may also suggest the general principles for the rational design of structures to approach the predicted maximal solar absorption. As illustrated in Fig. 2 , to maximize the solar absorption requests the radiative loss of leaky modes to be in an appropriate range that roughly match the intrinsic absorption loss (n imag /n real ) of the absorbing materials. However, the radiative loss of typical semiconductor structures tends to quickly decrease with the mode number increasing. For instance, the radiative loss of the leaky mode in 0D a-Si structures would ideally be in the range of 0.05-0.7 in order to have substantial solar absorption. But in typical 0D semiconductor structures only one leaky mode can satisfy this requirement 27, 28 . The limited number of the leaky modes with appropriate radiative loss is the reason why the solar absorptions of typical semiconductor nanostructures reported are far less than the predicted solar absorption maximum shown in Fig. 3 17 . Therefore, we can conclude that key to maximize the solar absorption is to engineer the modes in semiconductor structures to be more leaky (larger radiative loss).
Heterogeneous structures, such as core-multishell nanostructures that consists of absorbing and non-absorbing materials, provide a promising platform to engineer the radiative loss of leaky modes 24 . While non-absorbing materials cannot absorb solar light by themselves, heterostructuring these materials, which typically have lower refractive indexes, with absorbing semiconductor materials can change the dielectric environment of the semiconductor materials, which may subsequently lead to increase in the radiative loss of leaky modes and hence increase in the solar absorption. There are two basic heterostructuring strategies, coating absorbing materials with non-absorbing materials (absorbing core/non-absorbing shell) or replacing part of absorbing materials with non-absorbing materials (non-absorbing core/absorbing shell) (Fig. 4a) . The two strategies can be used together (non-absorbing core/absorbing/non-absorbing shell) (Fig. 4a) . The physics underlying the leaky mode engineering with the heterostructures can be intuitively understood from the perspectives of impedance match and effective refractive index. The radiative loss physically indicates how easily the structure can couple (radiate) light out to its environment. According to the reciprocal nature of light, a larger radiative loss would also mean an easier coupling of incident solar radiation into the structure. As illustrated in Fig. 4a , the high refractive index contrast of semiconductor structures with environment poses the major barrier for the in-coupling of incident solar light. A coating with gradually changed refractive index can help minimize the impedance mismatch and facilitate the coupling of incident light into the structure. Additionally, replacing part of the high-index semiconductor materials with low-index, non-absorbing materials may lower the effective refractive index of the structure, which can also facilitate the in-coupling.
We can use core-multishell nanowires (NWs) as an example to further illustrate the notion of engineering the radiative loss of leaky modes. The nanowire is used here because it can provide a better visualization of the eigenfield of leaky modes than a nanoparticle. The principles developed with the NW can also apply to nanoparticles. Fig. 4b-d shows the calculated eigenfield of one leaky mode in three different structures, a solid semiconducor NW in radius of 140 nm (structure 1, Fig. 4b ), a NW consisted of a 130 nm radius dielectric core and a10 nm thick semiconductor coating (structure 2, Fig. 4c ), and a NW consisted of a 130 nm radius core, a10 nm thick semiconductor coating, and other three shell layers in thickness of 60 nm, 50 nm, and 60 nm from the inner to outer, respectively (structure 3, Fig. 4c ). The three shell layers are non-absorbing with refractive index being 2.7, 2.0, and 1.5 from the inner to outer. The refractive indexes of the semiconductor materials and the nonabsorbing core are set to be a constant of 4 (close to that of a-Si) and 2 (close to that of ZnO), respectively. We can see that the eigenfield turns to be much more spread in the heterostructures with the radiative loss calculated to be 0.002, 0.036, and 0.115 for the structure 1, 2, and 3, respectively. Similar substantial increase in the radiative loss can also be seen in other leaky modes (Table S1 ). As a result, the structure 3, with a much less (13.7%) amount of absorbing materials, shows a absorption more than twice as big as the solid NW.
Using the strategy of engineering leaky modes with core-multishell structures, we can design arrays of 0D nanostructures whose solar absorption can indeed approach the predicted solar superabsorption as shown in Fig. 3b. Fig. 5a-b shows an example of the design. This design is a square array of quasi-core-shell structures The eigen magnetic field distribution of one leaky mode (TE 31 ) in a solid semiconductor NW in radius of 140 nm, a core-shell NW consisted of a 130 nm radius dielectric core and a10 nm thick semiconductor coating, and a core-multishell NW consisted of a 130 nm radius core, a10 nm thick semiconductor layer, and other three shell layers in thickness of 60 nm, 50 nm, and 60 nm from the inner to outer, respectively. The refractive indexes of the semiconductor and the dielectric core are set to be 4 and 2, respectively. Those of the three shell layers are set to be 2.7, 2.0, and 1.5 from the inner to outer. (e) Calculated spectral solar absorption for the three structures with the semiconductor materials being a-Si. on top of silicon oxide substrates. The structures are designed to be in a rectangular shape for the convenience of fabrication. Each individual structure consists of a non-absorbing ZnO core in size of (180 6 10) 3 (180 6 10) 3 (380 6 10) nm that is conformally coated by a-Si (15 6 5 nm), SiC (30 6 10 nm), ZnO (30 6 10 nm), and SiO 2 (50 6 10 nm). The period of the array is 540 6 60 nm. The given numerical error the tolerance of this design in geometrical features (Fig. S9 ), which suggests that it is robust for manufacturing. SiC, ZnO, and SiO 2 , with refractive indexes of 2.7, 2.0, and 1.5, respectively, are chosen to provide a gradually changed refractive index in the coating to minimize the impedance mismatch. The substrate can essentially be in any arbitrary thickness and is set to be in thickness of 50 mm in this work. A mirror is designed underneath the substrate. Note that the presence of the mirror may not change the radiative loss of leaky modes, but can affect the coupling of incident solar light with the nanostructure by alternating coupling channels. The nanostructure array may electromagnetically couple with environment through the channels at both sides of the array. The mirror may turn off all the channels at one side, which may facilitate the coupling of the nanostructure with the light incident from the other side. Intuitively, without the mirror, the incident light could more likely pass through the nanostructure array without being absorbed. This design can efficiently absorb solar light. We can see that a layer of a-Si in thickness of 10 nm can absorb 91% of all the solar radiation above the bandgap (734 nm), which amounts to 20.7 mA/ cm 2 . In many ranges of the solar spectrum the absorption of the designed structure is even better than the Lambertian limit 4,7 , 4n real 2 ad/(114n real 2 ad), where a is the absorption coefficient of a-Si materials and d is the effective thickness of 19.4 nm (the effective thickness is calculated by assuming the same volume of materials in a format of planar films). This confirm that the Lambertian limit derived from idealized materials indeed cannot be applied to real materials. The volume of a-Si materials in each nanostructure can be calculated as 0.0058 mm 3 . Although this number is not as small as the predicted minimum volume as shown in Fig. 3b , it is nevertheless very close (Fig. 5c inset) . The design can be reasonably applied to other materials, such as CdTe and CIGS. By using a similar design ( Fig. 5d inset) , we can enable a layer of 50 nm CdTe to absorb 90% of all the solar radiation above the bandgap as 27.7 mA/cm 2 . Again, the absorption of the designed structure can be seen better than the Lambertian limit in many spectral ranges ( Fig. 5b) and reasonably close to the predicted minimum volume for CdTe materials (Fig.  S10 ). We can also find that a layer of 30 nm thick CIGS in another similar design can be enabled to absorb 90% of the solar radiation above the bandgap (Fig. S11 ). The design also shows excellent angleindependent response. Its absorption can remain more or less constant for the incident angles ranging from 0u (normal incidence) to 60u (Fig. S12) .
The excellent absorption of our designed structures provides very strong support for the maximal solar abosprtion and the design principles predicted by our CLMT analysis. It should be noted that our designs by no means the only one that can approach the maximal solar absorption. We believe that there are many other structures that can achieve similar or even better solar absorption. But regardless whatever structures are designed, the radiative loss of the leaky modes involved would have to be engineered into the same range. It should also be noted that our designs by no means the best design in theory. We can find that, although very close, the designed structure need more volume of absorbing materials than the prediction for the targeted solar absorption ( Fig. 5c inset, Fig. S10, and Fig. S11b ).
One key parameter in the design is the refractive index profile of the multilayer non-absorbing shell. The ideal design would have a smoothly changed refractive index from environment to the absorbing materials. However, in reality this would be limited by the lack of non-absorbing materials with arbitray refractive index, in particular, high index close to that of the semiconductor materials. It would also be limited by possible manufacturing challenges in produce such a coating with nanoscale meters. While not perfect, the key advantage of our design lies in the convenience and cost effectiveness of fabrication. All the materials involved are low-cost and earth abundant. And the rectangular quasi-core-shell structure can be readily fabricated using standard fabrication processes. For instance, the rectangular core can be fabricated using a process involving thin film deposition, nanostructure patterning, and etching. The multilayered shell can be fabricated by just conformally coating the core using standard thin film deposition techniques. The calculated spectral absorption efficiency of the structure shown in (b), also given in the Lambertian limit for a-Si with an effective thickness of 19.4 nm. The inset shows the relationship between the designed structure (the red dot) and the predicted minimum volume. (d) The calculated spectral absorption efficiency of a designed structure including 50 nm thick CdTe. The Lambertian limit for CdTe with an efficient thickness of 80 nm is also given (black). The inset shows the geometry of the designed structure.
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